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PART II 
APPLICATIONS TO SPECIAL SINGULAR INTEGRALS 
In the following part of this paper we shall study some special 
singular integrals which are not only interesting in themselves but also 
illustrate the general theory presented. 
§ 6. THE FEJFlR AND JACKSON INTEGRALS 
We consider the integral of Fejer O'n(x) written in the form (1.2) with 
kernel K defined by 
(6.1) K(u) = (1/V2n) (s:/~2Y. 
This kernel satisfies the properties of (A) and (D). Now (B) is not satisfied, 
but (B*) is, with a K*(u) =01 [1 + u2]-l (01 constant). Nor is (C) satisfied 
but (C*) is, with the above K*(u) for any 0<{3< 1. Thus theorem 2.3 
holds for the an(x) in case 0<{3< 1 and in particular we have the known 
h 
result: iff E L1 (- oo, oo), then J jg(x, u)j du= O(hl+fJ) (0<{3 < 1) implies that 
0 
ian(x)-f(x)i = O(n-P). An analogous small-o result holds. Since neither 
the moment p,1, nor the higher moments exist for this particular K, the 
theorems of § 3 do not apply. 
As an application of the results of § 5 we have the following known 
result (cf. [21], p. 122): 
Theorem 6.1. If f is any continuous and periodic function with 
Fourier series (5.1), the condition 
(6.2) iian(x)- f(x)ilc = o(1/n) 
implies that f- constant. 
Proof. Since the Fourier transform X of the K of (6.1) is given by 
~ 1-jvi), for I vi< 1 x(v) = 0 , for I vi ;;;d 
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the inequality (5.3) gives 
lnl~l~ = o(n~l) (each IJ.I,;;; n+ 1} 
or C.a = 0 for A=± 1, ± 2, ± ... , so that f = cofV2n. 
The Jackson kernel is defined by 
(6.3) K(u) =_a_ (sinu/2)4 2y'2; u/2 
and has the properties of (A) and (D). Here (B) is not satisfied but since 
K(u) .:::;.02 (1 +u4)-1 = K*(u}, (02 constant), (B*) is satisfied. Neither is 
(C) satisfied, but (C*) is for any 0 < {3 < 3. 
The corresponding singular integral (setting e=n+ 1 in (1.3) of§ 1) is 
3 "" [sin(n+l)u/2]4 (6.4) J2n(x) = 4n(n+l)B -L f(x+u) uf2 du. 
As an application of the results of § 2, 3 we have: 
Theorem 6.2. Let /EL1(-oo,oo). 
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a) At all points x for which f lg(x,u)ldu=O(hl+ll) (0<{3..;;;2) follows 
0 
IJ2n(x)- f(x)l = O(n-11). 
[An analogous small-o result holds]. 
b) Iff' exists and is continuous on ( -oo, oo) with modulus of continuity 
rm(t:5), then 
I I I 2 (pt + 3/2) J2n(x)- (x) < (n+l) WI(1/(n+ 1)). 
c) Iff is bounded on ( -oo, oo), then at every point Xo where f"(xo) exists 
lim (n+1)2 [J2n(xo)-f(xo)] = (3/2)/"(xo). 
n-+oo 
Naturally part a}, b) is known ([19], p. 46) as is also part c) ([16], 
p. 275). But the advantage of the method employed here is that we can 
present a unified theory of which the above is just a particular case. 
Theorem 6.3. Let f be periodic, continuous with Fourier ser~es (5.1). 
If 
(6.6) 
then f = constant. 
IIJ2n(X)-f(x)llc = o (1jn2), 
Proof. According to the inequality (5.3) we have 
(6. 7) 
2 Series A 
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But since the Fourier transform x of kernel (6.3) equals 
) 1-~v2+~jvj3, for jvj<1 
x(v) = {(2-lvoj)3 'for l<lvl<2 
. for jvj :;;,2, 
the relation (6. 7) implies that C;. = 0 for A# 0, so that f ~co/ V2n. 
Thus if f =/= constant, the J 2n(x) never give approximation with error 
o(1jn2). The same argument also shows if f =/= constant, then 
where the convergence is in the norm 1) of the space LP for 1 < p < oo. 
The former result in 0-space is known (cf. [20] p. 57) but the latter seems 
to be new. 
§ 7. THE FUNDAMENTAL THEOREM OF JACKSON 
Let f be a periodic function of periodic 2n, having a p-th derivative 
f<P>(x) E Lip 1 uniformly in x. Then the fundamental result of Jackson 
in the theory of approximation is the following: 
For every positive integer n there exists a trigonometric polynomial Tn(x) 
of degree nat most such that the order of approximation to f(x) by the Tn(x) 
is O(n-P-1) uniformly in x. 
A number of proofs of this result occurs in the literature, such as, for 
example, the original proof of Jackson which is rather cumbersome (via 
the identical approximation theorem for ordinary polynomials), the 
method of DE LA VALLEE POUSSIN ( [19), p. 4 7-52), of ZYGMUND ([21 ), 
p. 116), and perhaps the generalization due to J. FAVARD [ll]. We shall 
base our proof upon the linear combination (4.4) and theorem 4.1 of§ 4. 
Following DE LA VALLEE PoussiN we introduce the singular integral 
I 00 [sin (m+I) uf2]2(k+2) (7.1) J(k+2)m(x) = 1Xk+z(m+I)Zk+3 _L f(x+u) uj2 du 
where 
CXk+2 = j [sin uf2]2(k+2} du and k = [!!2] 2). 
__ 00 uj2 
1 ) If IE Lp (~ n, n), then 
lim IIJ2n(X)-f(x)jjL = 0. 
n~oo P 
The proof follows by means of the usual methods ([21], p. 146). If I is (non-
periodic) and of class L1 (- oo, oo), an application of inequality (5.5) would give 
that if IIJ2n(x)~f(x) IlL,= o(1/n2), then /(x) = 0 for almost all x. 
2) [x] denotes the greatest integer <; x. 
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This is a trigonometric polynomial of degree ,;;;;:(k+2)m-l (see [HI], 
p. 44). The moments 
(7.2) _ 1 foo p (sin uf2)2(k+2) d flp--- n -- n 
<Xk+2 o uj2 
are all finite for {3= 1, 2, ... , 2k+ 2 ([19], p. 50), and for this reason an 
expansion of the type (3.4) of § 3 holds for the above trigonometric 
polynomial provided we assume that f<P>(x) exists and is continuous 
with modulus of continuity wp( (J), say. It is here that we have departed 
from de la Vallee Poussin's argument. Since not necessarily all of the 
moments flp vanish for f3 < 2k + 2, the snm-term in the expansion (3.4) 
will in general not vanish and so the order of approximation of f by 
the J(k+2)m(x) will generally not be better than 0(1fm2), just as for the 
.T2m(x). But if we proceed as in § 4 and introduce the right type of linear 
combination of the J(k+2)m(x) this sum-term in (3.4) would vanish. 
So we now construct a linear combination of the J(k+2)m(x) which 
corresponds exactly to st~2kl(x) for the present choice of the K (as given 
by (7.1)) and e(e<(k+2)m-1). We denote this combination by: 
3~2kl(x) 1). 
This is again a trigonometric polynomial but of higher degree than that 
of J(k+2)m(x), namely of degree < n where 
(7.3) n = [2(1/2+1/4+ ... +112k> (k + 2) m ], 
as follows from (4.5). From the general theorem 4.1 we deduce that 
llm2k1(x)-f(x)llc = o[~ w!l(1/m)J' 
and estimating m in terms of n (using (7.3)) we have established the 
desired result : 
Theorem 7 .1. If f is continnous and periodic (with period 2n) and 
f<P>(x) exists and is continnons with modulus of continuity wp(d), then for any 
positive integer n, f(x) may be approximated in 0-space by a trigonometric 
polynomial 3~2kl(x), of degree ,;;;;: n such that 
The linear combinations constructed by DE LA VALLEE PoussrN are 
different from the above and it seems that the method of approach 
employed here is natural and direct. 
I. P. NATANSON [17] has recently given another interesting proof of 
the Jackson theorem obtaining the approximation by successive iterated 
singular integrals. 
1) Here the [2k) is just an index, not to be confused with the notation introduced 
in the preceeding footnote. 
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§ 8. THE GAUSS-WEIERSTRASS AND PICARD SINGULAR INTEGRALS 
rhe classical diffusion or heat conduction equation 
(8.1) 
with a given initial temperature distribution 
lim W(x, t) = f(x), 
t~O 
has under general conditions the function given by (1.4) of § 1 as its 
unique solution. 
The kernel in this case is K(u) = V2e-"', which satisfies the properties 
of (A), (B), (D) and also (C) for every 0 < fJ < oo. Indeed 
_ oo _ oo f3-1 _ (P+I) 
flp = (1/Vn) I uf3e-"'du = (1/2Vnl I v-2 e-vav = (1/2Vn) r - 2- . 
0 0 
From the general theorems of § 2, 3 and 4 we can among others readily 
deduce: 
Theorem 8.1. Let fELi(-oo,oo). 
h 
a) At every point x whe1·e I g(x, u) du = O(hl+f3), (0 < fJ < 2), follows 
0 
I W(x; t)- f(x) 1 = O(tf312). 
b) If f is bounded on ( -oo, oo), then at every point xo where f<2k>(xo) 
exists 
. I [ k- 1 ti J I hm- W(xo; t) ~ f(x0 )- ! ""'! f<2il(x0) = 1 f<2kl(xo). qo tk i~1 L k. 
c) Let f<2kl(x) exist and be continuous on ( -oo, oo) having modulus of 
continuity W2k(b). Then 
k t;i 
W(x; t) = f(x) + ! "'I f<2il(x) + 4k tk e2k(t), 
i=l ~ 0 
where 
I I 2 ~ (2k)! F(k+I)? v-B2k(t) < (2k)! (k! 2 .:vo+ 2 Vn ~ Wzk(2 t). 
Naturally the above part a) occurs in the literature but it seems that 
part c), giving a precise statement concerning the asymptotic behaviour 
of the solution W(x;t) of the equation (8.1), is not known. 
Let f<2k)(x) ELip 1 uniformly on (-oo, oo) and let 1<:,l<:,k. According 
to the method of § 4 formula ( 4.4), we construct the linear combination 
~[2ll(x; t) = f(x) + .i ~ f<2il(x) p (27/i -1) + O(tk+l/2) 
•~l 1-1 
where the terms i= 1, 2, ... , l of the series vanish. 
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Theorem 8.2. Let f< 2k>(x)ELip I uniformly on (-oo,oo). Then 
ll7lli[2kl(x; t)- f(x)llc = O(tk+l/2). 
Thus we have seen that the order of approximation of f by 7lli[2kl(x; t) 
is O(tk+l/2) in case f<2k+ll(x) is bounded on (- oo, oo ). 
Theorem 8.3. Let f ELl(-oo, oo) and 
(8.3) II W(x; t)- f(x) IlL, = o(t), qo, 
then f(x) = 0 for almost all in (- oo, oo ). 
Proof. From inequality (5.5) we observe that 
IT(Z)[I- x(2lVt)JI = o(t), q o. 
But as the Fourier transform of the kernel K(u) = V2 e-u' equals 
x(v) = e-v'/4, 
we have 
(8.4) lim~ tp(l)[I-e-t!'] = 0, 
qo t 
which requires tp(l) to vanish for all l i= 0 and the uniqueness theorem 
for Fourier transforms implies that f(x) = 0 for almost all x in (- oo, oo ). 
In the theory of integral equations one meets the singular integral of 
PICARD (see [18], p. 309) 
1 00 
P(x; t) = 2t f f(x+u) e-lulltdu, 
-00 
with 
K(u) =Vi e-lul and x(v) = 1/(1 +v2). 
This kernel again satisfies the properties of (A), (B), (C) (for each 0 <{3 < oo) 
and (D), and so theorems corresponding to theorems 8.1 and 8.2 hold 
for P(x; t) (compare [7], pp. 108-lll). 
We prove a fundamental inverse approximation theorem for. P(x; t) in 
the space L 1 ( -oo, oo); compare also E. HILLE ([13], p. 138). 
Theorem 8.4. If fELl( -oo, oo) and 
IIP(x; t)- f(x) IlL, = o(t2 ), t t 0, 
then f(x)=O almost everywhere in ( -oo, oo). 
Proof. In view of (5.5) we have 
1/~ ~ tp(l) [ 1- 1 +\2t2] = 0, 
so that Z2 tp(l) vanishes for all l and our conclusion follows. 
The result of theorem 8.3 has previously been established by E. HILLE 
([14], pp. 384-6, first edition) using semi-group methods. We also note 
that semi-group theory cannot be applied directly to P(x; t) as this 
is not a semi-group operator. 
The solution (1.4) of the partial differential equation (8.1), may be 
obtained by employing operational methods such as the Fourier transform 
(compare [18], p. 281). In this method, the Fourier transform is applied 
directly to both sides of the equation (8.1), an equation in terms of 
the transformed functions is obtained (in this case an ordinary differen-
tial equation), this equation is solved, and then an inversion theorem 
is applied to obtain the solution in terms of the original function space. 
This is also essentially our method of proof of theorem 8.3 and the 
other results in this direction. The equation (8.3) is transformed via 
Fourier transforms into (8.4). The solution to the latter limit relation 
is that tp(l)=O for all l#O. The role of the inversion theorem is now 
taken over by the uniqueness theorem, giving f(x) = 0 a.e.- the solution 
of the original problem (8.3). 
§ 9. THE SOLUTION OF LAPLACE'S EQUATION 
The solution of the two-dimensional Laplace equation 
( -oo<x<oo; y>O), 
subject to the condition lim p(x, y) = f(x), is given by 
!1~0 
P(x y) = '}!_ Joo f(x+u) du. 
' :n; -oo us+ys 
The corresponding kernel K with its transform is 
V2 1 K(u) = --- x(v) = e-lvl. 
:n; l+us' 
This K satisfies the properties of (A), (B), (D) and (C) only in case 0 < {J < 1. 
From the remark to theorem 2.3 results: 
k 
If jEL1(-oo,oo) and Jg(x,u)du=O(hl+ll), (o<.B<1), then 
0 
jp(x, y)- f(x)j = O(yfl). 
But the theorems of § 3 do not apply. 
Theorem 9.1. If f E L1 ( -oo, oo), and 
llp(x, y)-f(x)!!L, = o(y), y .j, 0 
then f(x)=O for almost all x in (-oo, oo). 
Proof. As in the previous proofs we obtain 
lim! tp(l)[1-e-lll11] = 0, 
!1~0 y 
so that jljtp(l)=O for alll, i.e. f(x)=O for almost all x in (-oo,oo). 
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§ 10. REMARKS 
We note that for the singular integrals of Gauss-Weierstrass, Picard 
and Poisson-Cauchy, the inverse approximation theorems have been 
established in the space L1(- oo, oo). The question remains I) open whether 
the methods employed here can be generalized as to give results in 
Lp ( -oo, oo) for p> 1. Using semi-group theory this problem has been 
solved (but not for the Picard integral) by E. HILLE ( [14 ], p. 579). 
In connection with theorem 8.3, a second problem of interest would 
be the following: given f E Lp ( -oo, oo) and that 
llW(x; t)-f(x)llLP = O(t), 
what can be said about the structure and behaviour of the function f? 
In case 1 <p< + oo, (or more generally for any reflexive Banach space), 
this question has been answered by the writer [6] and the solution to 
the above problem is that f and f' are absolutely continuous and f" 
belongs to Lp (- oo, oo ). An analogous problem has also been solved 
for the Poisson-Cauchy, the Abel-Poisson (not treated above) and other 
singular integrals all of which are semigroup operators (see [6], [7]). 
The latter problem for the extreme values p= 1 and p=oo has been 
solved by K. DE LEEUW [15], who generalized the semi-group methods 
of [6] to non-reflexive Banach spaces. 
In our next paper (see footnote 1 ), the Fourier transform methods 
discussed here (especially in § 5 and § 6) have been generalized so as to 
solve the second problem posed above for the Weierstrass transform in 
the non-reflexive Banach space L1 (-oo, oo). The method is applicable 
to all singular integrals of type (1.3) with kernel K satisfying (A), (B) 
or (B*) of § 2. In particular, the method in question can be applied 
regardless of the fact whether or not the singular integral considered 
is a semi-group operator. This is, for example, the case for the integrals 
in § 6 as well as for the Picard integral. 
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